The classical models of viscous flows and heat transfer are reformulated in this article. The physical problem describes flow and heat transfer over a stretching (shrinking) and porous cylinder of non-uniform radius. The mathematical model is presented in the form of new equations and dimensionless parameters by means of reframing techniques. A porous and heated cylinder of a non-uniform diameter is stretched (shrunk) with variable stretching (shrinking) velocities. The governing equations and their physical geometrical perspectives are summarized into simplest boundary value ordinary differential equations. A set of unseen, generalized, and convenient transformations are used to solve the complex problem. The current formulation accumulates all the previous models of axisymmetric flow and heat transfer toward stretching (shrinking) and porous cylinder presented in the literature and prevails over all such models. The current model can be easily transformed into classical simulations for particular values of the parameters. The problem is solved numerically and the results were compared with the benchmark solutions. Velocity, temperature, skin friction coefficient, and Nusselt number profiles are plotted and analyzed for different values of the parameters. Moreover, coupling effects of all parameters are seen on flow and heat transfer characteristics and new results are explored and discussed.
Introduction
There are many physical and practical phenomena that are directly related to fluid motion and heat transfer produced by stretching (shrinking) of a porous cylinder. These days human society and the world population are enlarged and increased. Their survival is impossible without the suitable and reasonable resources of energy. Moreover, the use of energy increases day by day in order to make the life easier. Scientists and researchers have performed simulations in this area to improve advanced energy resources and technologies and produced new means of energy and handwork. Meanwhile, solar energy is utilized in a more easy and efficient way. In this regards, the group of scientists is experienced in searching the best options for incorporating the design and construction of principles into heat exchangers. Heat transfer in various natural engineering and industrial processes depends upon the mechanism and mode of heat transfer from the wall to the ambient fluid. The uses and applications of such mechanism are involved in industrial and engineering simulations of fluid transport due to stretching (shrinking) of solid bodies. Such flow models are widely discussed, examined, and summarized by Altan et al. 1 Fluid flow over a moving cylinder is analyzed in many research papers and interesting features of flow models are discussed. New research problems of fluid flows over a stretching (shrinking) cylinder have been explored and solved. In such models, varieties of physical boundary conditions are considered for the governing equations and new problems are analyzed. A problem of fluid motion over a stretching cylinder is modeled and studied by Wang. 2 The problem is modified and furnished by adding supplementary heat transfer effects into it, see Ishak et al. 3 These assumptions are made for uniformly porous and stretched cylinders. More precisely, the sequential work of Ishak and Nazar 4 are included here and they claimed the fluid motion along a stretching cylinder. Also Wang and Ng 5 analyzed the flow over a stretching cylinder with the addition of slip conditions at the solid-fluid interface. Flow and heat transfer were studied by Bhattacharyya and Gorla. 6 In this study, fluid flow is maintained over a permeable and shrinking cylinder and the effects of shrinking are observed on flow properties. Magnetohydrodynamic (MHD) effects on flow over a stretching cylinder are analyzed by Mukhopadhyay. 7 Flow and heat transfer over a stretching cylinder (assuming the partial slip and prescribed heat flux conditions) are studied by Majeed et al. 8 who solved the problem numerically using Chebyshev spectral Newton iterative scheme. The literature regarding flows due to stretching (shrinking) cylinders and their numerical solutions is rich enough. However, varieties of good research studies have been conducted to determine the effects of stretched/shrunk and porous surfaces on the flow behavior considering industrial and engineering applications. Chamkha 9 analyzed the natural convection flow of an absorbing fluid in a uniform porous medium supported by a semi-infinite, ideally transparent, vertical flat plate due to solar radiation. The important applications of boundary layer flow are further enhanced by Chamkha and colleagues 10-12 who discussed the unsteady flow and heat transfer, unsteady mixed convection with magnetic effect, and unsteady natural convection flow with MHD effects for micropolar fluids. The study of MHD thermosolutal Marangoni boundary layer flow with and without convection over a flat surface in the presence of heat generation or absorption effects is also performed by Chamkha and colleagues. 13, 14 Moreover, other dimensions of flow and heat transfer due to porous stretching sheet are explained by considering different types of flows such as Hiemenz flow and other types of flow of micropolar fluids and nanofluids. All these interesting models have been analyzed and summarized by Chamkha and colleagues. [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] Most of the problems of boundary layer flow in porous media with force/natural convection for different types of fluids (such as nanofluids and micropolar fluids) were discussed by many other researchers. [27] [28] [29] [30] [31] The classical models of viscous flows and heat transfer are examined here for a stretching (shrinking) and porous cylinder. The new problem is discussed with the modified approach. The latest version is furnished and equipped with the new entities. More precisely, we have considered the variable stretching (shrinking) and porous velocities simultaneously in the current modeled problem. The stretching (shrinking) velocity, porous velocity, and radius of the cylinder are changed with the axial coordinate. A set of unusual and generalized similarity transformations are formed and new parameters come into being. The boundary layer equations are transformed into a simplest boundary value ODE. As a result, new boundary value ODEs are formed and their elaborated solution is provided in the next section. Later on, the current model is exactly transformed into the published simulations of linear, uniform, variable, and power law stretching (shrinking) and linear (variable) porous velocity. The new model can easily accommodate the classical models associated with uniform or variable stretching (shrinking) of a uniform/non-uniform cylinder. On the contrary, the final boundary value ODE has a new set of parameters, that is, 
Formulation and solution of the problem
A viscous fluid flow is maintained over a heated, porous, and stretching (shrinking) tube. The long and thin longitudinal tube has a non-uniform radius (R) which is expanded (contracted) in the axial direction in a stagnant fluid. The x-direction is located along the cylinder and r-axis is orthogonal to it. Moreover, the flow is axi-symmetric and field variables are not depending upon azimuthal axis. Note that the surface of the tube is heated and has temperature T w , whereas the temperature of the ambient fluid is T ' . It is also assumed that T w .T ' and the aspect ratio of the boundary layer's thickness and the radius of the tube is very small. In view of these considerations and assumptions, the velocity V(x, r) is decomposed such that V(x, r) = (u(x, r), v(x, r)) , where u and v represent the velocities in the radial and axial directions, respectively. The temperature of the fluid is denoted by T (x, r). The laminar flow within the boundary layer is governed by the following equations in cylindrical coordinates:
The boundary conditions are as follows
where
Here U w (x).0 (U w (x)\0) and V w (x)\0(V w (x).0) represent the stretching (shrinking) and suction (injection) velocities, respectively, and R(x) is the variable radius of the cylinder. Notice that U w ( = 0) and V w ( = 0) are used for an impermeable and fixed sheet. Moreover, M 1 .0(\0) and M 2 .0(\0) are the stretching (shrinking) and suction (injection) parameters, respectively. On the contrary, n 1 , n 2 , v, and t 1 are the parameters and n = m=r is the kinematic viscosity which is defined in terms of dynamic viscosity (m) and fluid density (r) and the thermal diffusivity (a) is defined as a = k=rc p with thermal conductivity (k) and specific heat (c p ). Note that the dissipation term in energy (equation (3)) is neglected. A set of unusual and generalized variables are defined and constructed for the stream function (c), temperature variable (T), and similarity variable (z) as follows
where DT = T w À T ' , k 1 is the similarity index, and t 2 and b 1 are the translation and scaling parameters for the similarity variable, respectively. The unknown similarity function F(z) can be determined. The velocity vector is replaced by a stream function such that u(x, r) = (1=r)(∂c=∂r) and v(x, r) =À (1=r)(∂c=∂x). The continuity (equation (1)) is satisfied exactly by the velocity components when expressed in view of the stream function. The transformations defined in equation (5) are substituted into equations (2)-(4) and we obtained the following exact ODEs and exact boundary conditions
where Pr = n=a is the Prandtle number,
Comparison with the literature The modeled problem of Bhattacharyya and Gorla 6 is retrieved as a special case for fixed values of the parameters (i.e. t 1 = 0, M 1 =À 1=(2gn 1 ), and M 3 = Às=(g ffiffiffiffiffiffiffi 2n 1 p ), where n 1 .0, t 2 =À b 1 , b 1 = 1=2g, v = 1=g, and k 1 = 2). The notations g (curvature parameter) and s (suction parameter) were used in Bhattacharyya and Gorla, 6 and the new solution corresponds to this set of parameters which is shown in Figure 1(a) . On the contrary, results of Ishak et al. 3 are also found for the parameter values of t 1 = t 2 = 0, b 1 = 1, k 1 = 2, M 1 = 1=n 1 , v = 2Re, and M 3 = À(2gRe)=( ffiffiffiffiffiffiffi 2n 1 p ), where n 1 .0. Note that Re (Reynolds) and g.0 (suction) and g\0 (injection) were considered in Ishak et al. 3 Moreover, a comparative study of the numerical solution of the modeled problem with the benchmark solutions is carried out. Naturally, these solutions describe the behavior of the fluid flow over a stretching (shrinking) and permeable (injection/suction may take place) cylinder. The numerical solution that presents such special characters is plotted in Figure 1(b) and (c). The presented solutions for F 00 (1) and u 0 (1) are matched with the established results of Wang 2 and Ishak et al. 3 in Table 1 , and an excellent agreement between these solutions is found to the best accuracy level. It is observed from the table that the values of F 00 (1) are all negative which means that the stretching tube exerts a dragging force on the fluid and the positive sign implies the opposite. The absolute values of u 0 (1) are larger for suction compared to injection. This implies that the heat transfer rate is increased with the increases of v and Pr.
Graphs and discussion
The final problem in equations (6)-(8) is solved numerically using the well-known Cebeci and Keller 32 scheme Table 1 . Comparison of the results of skin friction coefficient F 00 (1) and heat transfer coefficient u 0 (1) for t 1 = t 2 = M 3 = 0, M 1 = b 1 = n 1 = 1, k 1 = 2, and different e with those of Wang 2 and the effects of different parameters on F 0 , u, u 0 (1), and F 00 are observed in different graphs and a table.
We have retrieved the equations and numerical solution of Bhattacharyya and Gorla 6 in Figure 1 (a) for n 1 = 1, t 2 = M 1 =À b 1 . It is confirmed that the two solutions are exactly similar. The validity of the current model is ensured by providing the comparisons between the solution of the current model and those of classical problems. Therefore, it is the most suitable formulation for the situation of viscous fluid motion over such a stretching (shrinking) and porous (injection/suction) cylinder. More precisely, the physical mechanism of stretching (shrinking) is controlled by a sole parameter in the present formulation and there is no need of multiple scalars for these boundary inputs.
The effects of governing parameters M 3 , b 1 , and v on the velocity component are observed as shown in Figure 1 (a) for different values of these parameters. It is noticed that the profiles of F 0 (z) decrease with the increase of M 3 (and the decrease of b 1 and v). In Figure 1(b) , the effects of M 3 on the velocity profiles are observed. It is seen that the velocity profiles and their gradients at the surface increase with the decrease of M 3 . In Figure 1(c) , the velocity curves are plotted for v and M 3 , and it is confirmed that the velocity gradient is decreased in the vicinity of the cylinder with the increase of v and M 3 . Figures 1(d) and 2(a) present the behavior of t 1 on F 0 (z) when the fluid is flown over a stretching cylinder. In Figure 1(d) , both velocity and boundary layer thickness decrease with the increase of t 1 , v.0. For large negative values of t 1 , v.0, different profiles of the same boundary layers are graphed. On the contrary, for small negative values of t 1 and large v.0, the opposite behavior of velocity curves is observed as shown in Figure 2 (a). The essential learning outcomes based on the model and general transformation because they give great advantages. It is noteworthy that such a model did not exist in the literature and enhanced the collective behavior of stretching, shrinking, injection, and suction simultaneously. The current model provides accurate and acceptable solutions for all finite and reasonable values of t 1 and M 1 ; therefore, it is a more comprehensive and compatible formulation. The ample scope of the formulation is expanded and has the capacity to provide accurate solutions for the combination of all parameters involved in the problem. However, the effects of different positive and negative values of all parameters on the flow properties are noted. Similarly, the effects of the shrinking parameter M 1 on F 0 (z) are shown in (injection), the fluid velocity and boundary layer thickness increase. On the contrary, for M 3 \0(suction), velocity exhibits different behaviors and the boundary layer thickness shows similar behavior with the decreasing values of M 3 as compared to the previous case. A variation in the fluid velocity is observed for both positive and negative values of M 3 and a thin boundary layer is seen for the shrunk cylinder case. Figure 2(d) demonstrates the effects of v\0 on the velocity profiles F 0 (z). The velocity profiles and boundary layer thickness increase with the decrease of v.
Temperature profiles, wall shear stress, and Nusselt number
The important quantities of main physical interest are the heat flux and skin friction coefficient which are evaluated at the surface of the cylinder and defined by the following relations. The wall shear stress (t w ) and the wall heat flux (q w ) at the surface of the cylinder are given by
where k and m are thermal conductivity and dynamic viscosity of the fluid, respectively. The dimensionless form of t w is known as skin friction coefficient (C f ), whereas the dimensionless form of (q w ) is called the Nusselt number (Nu). Note that the total amount of heat transfer from the surface of the cylinder is an important entity. For a fixed value of the similarity index k 1 , that is, k 1 = 2, and after proper scaling and normalization, the Nusselt number and the skin friction coefficient at the surface of the cylinder may be evaluated by Àu 0 (1) and f 00 (1), respectively. In Figure 3 , different physical quantities are graphed and the effects of different parameters on the behavior of transpiration, skin friction, and heat transfer coefficient behavior are analyzed. In Figure 3 , the temperature profiles decrease with the increase of t 1 and M 3 , respectively. One possible reason is that the distance from the surface increases and finally approaches zero at some large distance of the cylinder from the surface. The thickness of thermal boundary layer decreases with the increase of Pr, which shows rapid increase in the heat flow and heat transfer rate at the surface. Hence, the Nusselt number increases as M 3 increases and these observations are noticed from Figure 3 (c). The data in Figure 3 (a)-(c) give a valid conclusion that the effects of suction/injection are found to be more pronounced for fluids with smaller Pr since fluids with smaller Pr have larger thermal diffusivity values. In Figure 3 (a) and (b), the temperature profiles show different behaviors for injection compared to suction. It is clear from Figure 3 (b) that, for large values of Pr or v, the temperature gradient at the surface is zero, which means that there is no heat transfer at the surface if the injection is strong enough. Therefore, injection is a valid, sufficient, and physical condition to reduce or minimize the heat flux at the surface, as well as wall shear stress. The result in Figure 3(b) shows the best accuracy compared with the results of Ishak et al. 3 and we get these results from the established relations v = 2Re and M 3 =À (2gRe)=( ffiffiffiffiffiffiffi 2n 1 p ) where n 1 .0. Note that Re (Reynolds) and g.0 (suction) and g\0 (injection) were considered in Ishak et al. 3 The heat transfer rate at the surface of the cylinder as a function of M 3 and Pr, in terms of Nusselt number Àu 0 (1), is shown in Figure 3 (c) and compared with the results of Ishak et al. 3 This comparative study also shows the best agreement from the relations v = 2Re and M 3 =À (2gRe)=( ffiffiffiffiffiffiffi 2n 1 p ) where n 1 .0. This observation is clearly consistent with the values given in Table 1 . It may be concluded from Figure 3 (a)-(c) that water is a better cooling agent compared to air, provided that there is no strong injection. Figure 3(d) presents the behavior of skin friction coefficients with the injection/suction parameter v for the three values of M 3 . The magnitude of the skin friction coefficient increases with the increase of M 3 and also the parameter v. This feature also supports the calculated values of skin friction coefficients in Table 1 for k 1 = 2 and M 3 = 0, so that the results in Figure 3 (d) and Table 1 are consistent. It is very clear from this figure that the values of skin friction coefficients are negative. Physically, the negative sign of F 00 (1) implies that the surface exerts a dragging force on the fluid and the positive sign implies the opposite.
Conclusion
The highlighting key features of this study are remarked here. The final ODEs are equipped with 11 parameters and each parameter has an effective role and causes variation in the field quantities. Simultaneous changes in velocity and temperature field are observed as shown in Figures 1-3 against each parameter. The simulation is flourished with accurate formulation for stretching (shrinking) cylindrical duct of a porous surface. Intuitively, the model problem is equally valid for a cylinder of non-uniform (uniform) radius, and its geometry is defined and given in equation (4) . The classical models of fluid motion are either associated with a stretching (shrinking) cylinder of uniform or variable (both linear and power law variation) radius. All such models recovered by focusing and adjusting the parameters of the current model accordingly. The final problem is formed using a set of generalized transformations and the results of Wang, 2 Ishak et al., 3 and Bhattacharyya and Gorla 6 are recovered for specific values of parameters. The solution of equations (6)- (8) is obtained with the help of a numerical scheme and the effects of all parameters on field quantities are observed. The numerical solutions of the current model matched exactly with the results of Wang, 2 Ishak et al., 3 and Bhattacharyya and Gorla 6 for fixed and appropriate values of parameters. The parameters of the problem are representative of stretching, shrinking, injection, suction, translation, and scaling. Therefore, the effects of all these parameters on velocity, temperature, heat transfer coefficient, and skin friction coefficient profiles are observed. We hope that such a comprehensive model did not exist in the literature and the model described the combined and simultaneous effects of stretching/shrinking and injection/suction on fluid motion over a cylinder of variable (uniform) radius. The model problem is equally valid for all the boundary effects discussed above. The transformed equations also provide accurate results for variable (linear, power law) and uniform stretching (shrinking) and injection (suction) velocities.
